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Abstract 

Higgs branch of = 2 SQCD is studied from the M theory viewpoint. With a 
differential geometrical proof of the s-rule besides an investigation on the global symmetry 
of M theory brane configurations, an exact description of the baryonic and non-baryonic 
branches in terms of M theory is presented. The baryonic branch root is also studied. 
The "electric" and "magnetic" descriptions of the root are shown to be related with each 
other by the brane exchange in M theory. 



1 Introduction 



It has brought about many novel results to analyze supersymmetric field theory as the effective 
world volume theory of branes in superstring theory. Simultaneously, the world volume theory 
of branes provides a very useful tool for our understanding of the non-perturbative dynamics 
of superstring. Recently M theoretical description of four-dimensional N = 2 supersymmetric 
gauge theory is proposed by Witten The mysterious hyper-elliptic curve, used for the exact 
solution of the Coulomb branch of = 2 supersymmetric QCD (SQCD), now becomes a part 
of a M theory fivebrane. 

On the other hand, the moduli space of vacua of = 2 SQCD is investigated [0] in detail 
including various Higgs branches from a field theoretical point of view. It was argued that the 
root of baryonic branch, where the Higgs branch and the Coulomb branch come in contact 
with each other, will play a crucial role, after breaking N = 2 supersymmetry to = 1, 
in understanding the so-called = 1 non-Abelian duality ^. However, M theoretical 
interpretation of the Higgs branch and a further understanding of the duality in this direction 
are still not clear. 

In this article we study the Higgs branch of A^ = 2 SQCD from the view of M theory. 
An exact description of the baryonic and non-baryonic branches in terms of M theory will be 
presented. We also study the baryonic branch root. Its two different descriptions in field 
theory will be shown to be related with each other in M theory by exchanging parts of branes. 
We give a brief review on the moduli space of the Higgs branch of A^ = 2 SQCD in Section 
2. It is introduced as a hyper-Kahler quotient space and classified into two parts according 
to the colour symmetry breaking patterns; baryonic branch and non-baryonic branch. The 
fiavor symmetry group can act on the moduli space. The residual global symmetry of each 
class is described as its stabilizer. The duality between the baryonic branches of SU{Nc) and 
SU{Nf — Nc) gauge theories is shown by using an algebraic geometrical description of these 
moduli spaces. 

In Section 3 we consider the M theory description of A^ = 2 SQCD systems. The Seiberg- 
Witten hyper-elliptic curve becomes a part of a fivebrane and is embedded into the multi 
Taub-NUT space. This embedding of the curve is studied in detail from the differential ge- 
ometrical viewpoint. The formulae obtained there are used for a proof of the s-rule 0. An 
exact description of the baryonic and non-baryonic branches is given in terms of the brane 
configuration. 

In the last section we consider a family of finite (scale-invariant) theory which is reducible, by 
taking a double scaling at the weak coupling limit, to the baryonic branch root of asymptotically 
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free (AF) theory and provides the "electric" description of the baryonic branch root. By 
changing the value of the bare coupling constant r we find that the brane exchange occurs 
possibly on a semi-circle with radius 1 in the upper half r-plane. On this semi-circle, due to the 
brane exchange, the original brane configuration becomes a dual one. This dual configuration 
provides another description of the baryonic branch root. One can expect that these two 
configurations give the N = 1 non-Abelian dual brane configurations after rotating a part 
of brane 

2 Review of Higgs Branch 

2.1 Baryonic Branch and Non-Baryonic Branch 

In this section we briefly review the Higgs branch of = 2 supersymmetric QCD to study a 
connection with brane configurations. 

Consider N = 2 SU{Nc) supersymmetric QCD with Nf flavors. We will treat mainly the 
case of Nc < Nf < 2Nc in this article. The generalization to other cases is straightforward. 
In this SUSY theory there exist a A^ = 1 chiral multiplet $ in the adjoint representation of 
the gauge group SU{Nc), and A^ = 1 chiral multiplets Q and Q which respectively belong to 
the fundamental and anti-fundamental representations of the gauge group besides the flavor 
group U{Nf). These matter chiral multiplets, regarding them as SU{2)r doublets, give N = 2 
hypermultiplets. It becomes convenient to write Q as a complex Ac x Nf matrix and Q as a 
complex Nf x A"c matrix. 

The classical vacua of the theory are described by the F- and D-fiat conditions. Among these 
vacuum configurations we shall consider the pure Higgs branch, that is, the branch characterized 
by $ = 0. In this branch the F- and D-fiat conditions are read as 

QQ = plN,, 

QQ^-Q^Q = pIn., (2.1) 

where In^ is the Nc x Nc unit matrix, p and u are respectively complex and real numbers 
which we call the Fayet-Iliopoulos (FI) parameters. The consideration on the Higgs branch is 
separated into two cases whether the FI terms vanish or not. The former case is non-baryonic 
and the latter is baryonic. 

Let us first examine the baryonic branch. Regarding Q,Q as N = 2 hypermultiplets Qj^ 
[A = 1, 2) by the identification 

Qi^g, Qi^Q\ (2.2) 
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it is possible to rewrite eqs. in the 5'f/(2)ij-covariant fashion 

f^AB = Q{aQb) = Cab'^Nc, (2-3) 
where Qj^ = ^abQ\- Cab S't/(2)ii;-covariant form of the FI parameters 



S B ~ S,CB 



CB 

Z//2 p* 

P -^^72 



(2.4) 



Notice that /i^^ = Q(^aQb) hyper-Kahler momentum map of the U{N^ action, 

Qa^Q'a = 9Qa geUiN,). (2.5) 

Now the moduh space of the baryonic branch is given by the space of the gauge equivalent 
classes of the solutions of vacuum equation (|2.3|) . It has the form 



^b = (CxR\(0,0))x^^i|^ (2.6) 

Notice that det holds in the baryonic branch. By the isomorphism SU (Nc) — 

U{Nc) /U{1) we may modify the quotient in ( p.6|) as follows: 

A<b = Px7Wb(U), (2-7) 

where 

P = (C X R\(0,0)) X f/(l), (2.8) 

M.iCAB) = ^^f^- (2.9) 

A^b(Ci_B) hyper-Kahler quotient of the U{Nc)-action. One can also regard any point in 

P, (p, u, e^'^), as a vev of one hypermultiplet. As for the dimensionality of the moduli space it 
turns out, simply counting up the degrees of freedom, to be 

dimaA^b = ^N,{Nf - N,) + 1). (2.10) 

To study the moduli space it is useful to introduce a complex structure of A^b(Cy4B)- With 
a given complex structure one can split the hyper-Kahler momentum map fij^^ i^^o ^ complex 
part /ic and a real part /iR. Actually we will take the complex structure such that eq. ( p.3|) 
acquires the form 

PC = HiHl = (2.11) 
PR = H^H\- H^Hl = 7^1n^. (2.12) 
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The FI parameters Cab rotated by SU{2)r equal to zero except the only one component, 



which is denoted by rj. Here rj = y |2pP + z/^ is positive for the baryonic branch. And Hj^ is 
the corresponding S'f/(2)i^-rotated form of Q^. The hyper-Kahler quotient is regarded as 



The positivity of rj ensures the following stability condition for any solution of eqs.( p.H" 



and i ^A^ ) 



ranki/i = A^e, (2.14) 

from which we can conclude that A^b(CAB) ^ smooth hyper-Kahler manifold. This is because, 
though any possible singularity in A^b(CA_B); if exists, originates in a solution of //^^ = Cab 
on which U{Nc) does not act transitively, the stability condition (|2.14| ) can be shown to prohibit 
such a fixed point. 

The flavor group U{Nf) acts on the hyper-Kahler quotient Alb(CAB)- action is given by 

H^^H'^ = HJ feU{Nj). (2.15) 

Let us consider the stabilizer of this f/(A^/)-action at a generic point. We first remark that, 
by taking an appropriate element of U{Nf), any point of M-hiCAs) transformed into the 
following normal form 



H', = y (2.16) 

where D = diag((ii, . . . , d]\[^._Nj with any dj being a non-negative real number. The equalities 
in eqs.(|2.l6D are understood as the equalities mod the f/(Ai'c)-action. From this normal form we 



can see that the stabilizer H is generically isomorphic to U{2Nc — Nj) x U{1)^^^^'' (c U{Nf)). 
However, this H is not equal to the stabilizer of the f/(A^/)-action on the whole moduli space 
A4h- That is, one of the U(l) factors in H acts also on the additional hypermultiplet P and 
moves its vev. This is simply because the whole moduli space A^b is originally introduced as 
the direct product of the space of the FI parameters and the S'f/(Ai'c)-quotient while we are 
studying it by emphasizing its hyper-Kahler structure. Therefore the net stabilizer H of the 
[/(A^/)-action on the whole moduh space A^b is SU{2Nc - Nf) x f/(l)^/-^-. 

The space of vevs dj, which we denote by Xb(CAs)' i^ ^ ^^^i manifold admitting singularities 
due to the enhancement of the stabilizer. This symmetry enhancement occurs when some of dj 
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equal to zero or coincide with one another. As for the dimensionahty it satisfies the following 
relation 

^imU{Nf)/H + dimRXb(r/) = diniR A?b(r?). (2.17) 

Next, let us consider the case that the FI parameters vanish, that is, = 0. This branch is 
called the non-baryonic branch. Consider the hyper-Kahler quotient 

This is a singular manifold but possible to give a stratification by the colour symmetry breaking 
patterns. For the breaking pattern, SU{Nc) SU{Nc — r) (0 < r < [A^//2]), we can introduce 
a stratum A^^b as the space of the gauge equivalent classes of the solutions of yU^^ = satisfying 
the condition, rank Qj^ = r : 

M^, = ui%/'^M^l (2.19) 

Each stratum A4^^^ can be considered as a hyper-Kahler manifold of dimensions 4r{Nf — r) and 
called the r-th non-baryonic branch. By the U{Nf)-action any point of the r-th non-baryonic 
branch can be transformed into the following normal form : 

Q', = [ J, (2.20) 

where D*^^') = diag((ii, . . . , dr) with any dj being a positive real number. (The above equalities 
are also understood mod the [/(A^c)-action.) From this normal form we can read that the 
stabilizer H of the f/(A^/)-action is generically isomorphic to U{Nf — 2r) x f/(l)^. Notice that 
U{1Y moves Q'^ but this transform can be identified with the original one in 

by the 

U (A'"c)-action while U{Nf — 2r) does not move Q'^ at all. The space of vevs dj, which we denote 
by is a real manifold admitting singularities due to the enhancement of the stabilizer. 

This symmetry enhancement occurs when some of dj coincide with one another. As for the 
dimensionality it satisfies the following relation 

dimU{Nf)/H + dimnXl^^ = dimRTW^. (2.21) 

At this stage it might be also convenient to remark on the relation between the baryonic 
and non-baryonic branches. Notice that we can define an inclusion of M-hiCAs) ^^^'^ -^nb by 
simply taking the limit of (j^^ 0. By comparing normal forms ( p.l6|) and ( p.20| ) its image 
will be U^'^'M^l Since is a smooth hyper-Kahler manifold (Cab 0) ^® "^^^ 

that it is giving a resolution of U^q ^^-^nh- 
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2.2 Duality of Higgs Branches 



Looking at the normal form ( p.l6 ) one may find that the upper half blocks of these matrices 
is identified with the normal form in the moduli space of SU {Nf — N^) gauge theory with Nj 
flavors. This indicates that there is an isomorphism among the baryonic branches of SU{Nc) 
and SU{Nf — Nc) gauge theory with the same Nf flavors. To confirm this observation, let us 
consider the baryonic branch from an algebraic geometrical viewpoint. 

Since the positivity of rj makes the moduli space M-hiCAs) ( P-9|) smooth, we must introduce 
its algebraic counterpart gularized" complex symplectic quotient. It will be given by 

the following complex symplectic quotient regularized by stability condition ( 2.14|) : 



GL{N,,C)- 



where 



rank Hi 



Notice that GL{Nc, C) is a complexification of U{Nc) and acts on Hj^ as 

{Hi, Hi) ^ {gHi, Hlg-') g e GL{N,, C). 



(2.22) 



(2.23) 



(2.24) 



This GL{Nc, C)-quotient turns out to define a smooth algebraic variety. (Without the stability 
condition the complex symplectic quotient n^^{0) /GL(Nc, C) have several singularities.) This 
introduction of the algebraic counterpart of the moduli space actually makes the parametriza- 
tion of Ml^'^{N,,Nf) very simple. It is described by 



Hi 



(2.25) 



H, 



-h^h\ 



(2.26) 



where hj^ are arbitrary A^^^x (Nf—Nc) complex matrices and give the holomorphic coordinates of 
A4'^^{Nc, Nf). Notice that these matrices are obviously isomorphic to their transpose. Taking 
the above step conversely by using the {Nf — Nc) x N^ matrices h^, we will obtain a point of 
Ai'^^{Nf — Nc,Nf). Clearly this establishes the isomorphism : 

Ml''{Nf-Nc,Nf 



Ml'' 



{Nc,Nf 



(2.27) 



which means that the baryonic branches of SU{Nc) and SU{Nf — Nc) gauge theories with Nf 
flavors are exactly same. 
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3 M Theory Description of iV = 2 SQCD 



3.1 N = 2 Supersymmetric Gauge Theory in M Theory 

In this section we study N = 2 supersymmetric QCD from the M theory viewpoint. Let 
us begin by describing a basic configuration of branes in Type IIA picture. Suppose Nc D 
fourbranes with worldvolume ( ) stretch between two NS fivebranes with world- 

volume ( ). On the common four-dimensions ( ) of their world- 

volumes N = 2 SUSY is preserved and there appears a SU (Nc) gauge vector multiplet [] as 
the massless mode of the open string among these Nc D fourbranes. So this configuration 
describes N = 2 supersymmetric pure SU (Nc) gauge theory. The gauge coupling constant g is 
determined by the distance between the two NS fivebranes in x^-direction, 

l/g' = {xl-xl)/2X, (3.1) 

where 2 denote the positions of the first and second NS fivebrane and A is the string coupling 
constant. D fourbranes touching NS fivebranes bend [|l| NS fivebranes logarithmically. Intersec- 
tions of D fourbranes with NS fivebranes in this configuration will be handled by (x^, x^)-plane. 
It turns out convenient to introduce a complex coordinate v in this two-plane, 

V = 2{x^ + ix^) / R, (3.2) 

where i? is a constant which will be clear in the next paragraph. The large v behavior of the 
x^-position of the NS fivebrane stuck by the D fourbranes from its left becomes 

x^ = k'^\ia\v — (l)a\ + const., (3.3) 

a=l 

where is a positive constant and (pa is the position of the a-th D fourbrane in f-plane. The 
asymptotic behavior of the NS fivebrane stuck by the D fourbranes from its right has the same 
form as but with the opposite sign. 

One can extend the above configuration to M theory. As the gauge coupling constant in 
N = 2 gauge theory is complexified to r = ^ + the corresponding coordinate in Type IIA 
theory is also complexified by adding the eleventh dimension x^^ of M theory. Let us consider 
M theory on x S^, where the eleventh dimension is compactified to with radius R. 
It is also useful to introduce a complex coordinate s by 

s = 2{x^ + ix^°)/R. (3.4) 
^ One U{1) factor is frozen by fixing a center of positions of D fourbranes 
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The M theory generahzation of (|3.3| ) is [|T| 

s = 2 ^ ln(f — (pa) + const.. (3.5) 

a=l 

The large v behavior of ( p.5[ ) gives us the relation 

- zr ~ 2A/'clnw, (3.6) 

where —ir = {s2 — Si)/2. si^2 are the positions of the first and second NS fivebranes in M 
theory. Then we identify (|3.6| ) with the asymptotic behavior of the gauge coupling constant 
of = 2 SU{Nc) gauge theory. {—2Nc is the coefficient of the one-loop beta function of the 
standard asymptotic free (AF) theory, —ir ^ — 6olnf.) 

While eg. (|373|) , obtained in Type IIA picture, is owing to the effect of the Nc D fourbranes 
sticking to the fivebranes, a rationale of eq.( |3.5| ) in M theory is rather profound. These Nc D 
fourbranes in Type IIA theory are replaced by a single M theory fivebrane with worldvolume 
R*^ X Eq where Sq is a Riemann surface of genus Nc — 1. This Riemann surface, embedded in 
the four-dimensional space (x^, x^, x^, a;^°), which we call Qo, is identified H with the Seiberg- 
Witten curve [|TU|, of pure SU{Nc) gauge theory |T2|, |TB[ 



t2_2j](^_<^jt + A2iv= = 0. (3.7) 

a=l 

t relates to s by t = exp(— s/2) in virtue of the asymptotic behavior (p.6|) . 

An inclusion of matter multiplets into the above gauge theory can be achieved by putting Nf 
D sixbranes with worldvolume ( ) between two NS fivebranes in the basic 

configuration. The new configuration obtained thereby describes N = 2 SU {Nc) supersymmet- 
ric QCD with Nf fiavors. This is because the open string sector between A^^ D fourbranes and 
Nf D sixbranes of the configuration gives the hypermultiplets which belong to the fundamental 
representations both of the gauge and fiavor group. 

These D sixbranes are magnetically charged with respect to the U{1) gauge field associated 
with the circle in Type IIA. They behave as the "Kaluza-Klein monopoles" in the four- 
dimensional space Qo. Actually they transmute Qo = R^ x into the multi Taub-NUT 
space, which we denote by Q. Due to the sixbranes the worldvolume of the aforementioned M 
theory fivebrane also changes to R'^ x S, where E is the Seiberg-Witten curve of A^ = 2 
supersymmetric QCD with Nf fiavors [|T3|, 



Nc 

y^-2Y[iv- <Pa)y + A^^-^/ - e.) = 0, (3.^ 

a=l i=l 
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Notice that Cj are the bare masses of the matter hypermultiplets and are identified with the 
positions of the sixbranes in f-plane. Now the Seiberg-Witten curve S is embedded in the multi 
Taub-NUT space Q. 



3.2 Description of the Embedding 

In this subsection we provide some detailed description of the embedding of the Seiberg-Witten 
curve S into the multi Taub-NUT space Q. The formulae obtained in this subsection turn out 
useful in the subsequent discussions. 

We shall first deal with the multi Taub-NUT metric. Introduce the following coordinates r 
and a in the four-dimensional space (x^, x^, x^, 

(f, a) = {2x^1 R, 2x^1 R, 2x^1 R, 2x^7^)- (3-9) 

In terms of these coordinates the multi Taub-NUT metric on Q will acquire the standard form 
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ds^ = y-dr^ \ —(da \ Q ■ drf , (3.10) 
4 W 



where 



y = l + E 



r — Ti 



i=l 

^y^Q = ^V (3.11) 

and fi are the positions of the monopoles {i.e. sixbranes). Since Q is a hyper-Kahler manifold 
it will have the complex structure which fits the Seiberg-Witten curve S. With such a complex 
structure one may expect that the multi Taub-NUT metric becomes Kahler. In order to describe 
it let us separate r into two parts v and b 

V = 2{x^ + ix^)/R, b = 2x^/R. (a = 2x^^/R) (3.12) 

By using these variables metric ( p.lO| ) acquires the form 



2 y , 1 C^dy \ (2dy 



ds = —dvdv + -— 6dv 6dv (3.13) 

4 4:V\ y \ y / 



^ We derive expression ( 3.13 ) of the multi Taub-NUT metric by applying the technique investigated by 
Hitchin 
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with 



V = 1 + (3-14) 

i=l 

Nf 

y = Xe~^'+'-y' lli-b + k + A,y/\ (3.15) 

i=l 



A, = ^{b-b,y + \v-e^\^, (3.17) 

where A is a constant and (cj, hi) represents the position of the i-th monopole. While y in 
eq.( |3.15| ) is determined rather exphcitly by v,b and a, one can also regard that v and y give 
the holomorphic coordinates of Q. With this complex structure the multi Taub-NUT metric 
becomes Kahler as is clear from ( ^.13| ). The Kahler form u is given by 



u = i^dv Adv + ^ I— - 6dv] A ( — - 6dv] , (3.18) 



4 4\/ _ 

and the holomorphic two-form Q is 

Q = -dvA^, (3.19) 

which satisfies the relation, A u = Q A Q. 

The Seiberg-Witten curve S given in eq. ( |3.8D is embedded into Q by using the holomorphic 
coordinates {v,y) described above. Since y is related with b and a {or and x^°) by eq. ( ^.151 ) 
it makes possible to describe the embedding of the curve S, say, in (w, a;^)-plane. Some cases 
are sketched in Fig.|l[ 

In stead of y in ( p.l5|) one can also take another choice of the holomorphic coordinates of Q 



which corresponds to another branch in curve ( p.8|) . It is given by (f , z), where z is introduced 
by 

Nf 



i=l 

which satisfies 



Nf 



yz = K^^^-^fX{{v-e,). (3.21) 

i=l 

Eq. ( |3.21| ) shows that Q describes a resolution of Ajq^^i simple singularity, yz = v^f . It 
is resolved by a chain of [Nj — 1) holomorphic 2-spheres. Each 2-sphere intersects the next at 
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(a) 



(b) 



(c) 



Figure 1: Sections of the Seiberg-Witten curves S in M theory, (a) is for asymptotically free theory 
{Nf < 2Nc), (b) is for IR free theory {Nf > 2Nc) and (c) is for finite theory (Nj = 2Nc). The distance 
of two NS fivebranes at large v is infinite, zero and finite, respectively. 



the position of one of these Nf D sixbranes. Let us denote a 2-sphere between two sixbranes 
(cj, bi) and (cj+i, by Ci. The integrals of the two-forms u and Q on Ci become 

Q = 27rz(ei+i-ei), (3.22) 



-2m{b 



(3.23) 



which give the difference between the positions of these two sixbranes. 

Now we have two descriptions of the embedding of the Seiberg-Witten curve S into the 
multi Taub-NUT space Q. One is an algebraic geometrical description. By considering Q as 
algebraic surface ( p.21|) , that is, forgetting the Riemannian structure of Q, the embedding can 
be described by the set of equations with respect to y, z and v 

(3.24) 



. yz = A 



2Nc-N 



The other is a differential geometric description. By considering y and z as functions of b, a 
and V given in ( p.l5 ) and ( 3.20 ), the embedding can be described by the equation with respect 
to 6, a and v 



Nc 



y{v, 6, or) + z{v, b,a) = 2Y[{v - (j)a), 



a=l 



where 



Nf 



y{v,b,a) 
z(v,b,a) 



\e-(b+^-)/2 Y[(-b + bi + AiY 



/2 



i=l 

Nf 



V - e,; 



(3.25) 

(3.26) 
(3.27) 



4 = 1 
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3.3 The Non-Baryonic Branch 

In this subsection we study how the non-baryonic branches are reahzed in M theory. To enter 
the Higgs branch from the Coulomb branch of = 2 SU{Nc) supersymmetric QCD with Nf 
flavors, all the bare masses of the matter multiplets must be same. We will take vanishing 
bare masses ^Cj = for simplicity. 

Consider the r-th non-baryonic branch root. The non-baryonic branch and the Coulomb 
branch come in contact with each other at this root. In Type IIA picture r pieces of Nc D 
fourbranes are located at the origin of f-plane while the positions of Nf D sixbranes are (0, 6j) in 
(f , 6)-plane. [b = 2x^/R.) Their complicated intersections make this configuration too singular 
to allow further analysis in Type IIA theory. But, with the eye of M theory, it actually becomes 
tractable |]T|. Let us pay attention to the M theory fivebrane with worldvolume x S where 
S is the Seiberg-Witten curve. Near the non-baryonic branch root the Seiberg-Witten curve 
is getting pinched and therefore the worldvolume of the fivebrane is almost singular. At the 
non-baryonic branch root, as soon as the worldvolume of the fivebrane becomes singular, this 
fivebrane divides into parts and gives rise to M theory fivebranes wrapping the two-cycles of 
Q which resolve An^._i simple singularity. 

Let us first examine how many M theory fivebranes are wrapping a given two-cycle of Q. 
For simplicity we assume 6i < 62 < • ■ ■ < bNj- Two-cycle between the two sixbranes (0, bi) and 
(0, is denoted by Cj. {I < i < Nj — 1.) This cycle is realized by a segment between (0, bi) 
and (0, in (f , 6)-plane. We study the embedding of the Seiberg-Witten curve in the region 
of Q which satisfies \v\ <ti \b — bi\ for '^i. In this region y{v,b,a) (|3.26|) and z{y,b,a) ( p.27|) 
behave as 

f 2 ^1/2 

y{y,b,a) ~ Y^[-b ^bi^\b -b,\^ -\v\^ l\b -b,\ 

N 



z{v,b,a) ~ Y[(b-bi + \b-k\ + -\v\y\b-bi\) . (3.28) 
Notice the following equalities 



6 + + \b-bi\ 



2{-b + bi) ^0 if b<bi 
if 6 > k 



h h < \h h\ Jo if b<bi 

b-b. + \b-k\ = I 2{b-b,)^0 if b>k 



Therefore, in the i-th interval between bi and bi+i, that is, bi < b < 6^+1, eqs. ( |3.28| ) become as 
follows 

y{v,b,a) ~ X {non- zero factor), 
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1-' 



1 2 3 



3 2 1 




Nr 



(a) 



(b) 



Figure 2: (a) r-th non-baryonic branch, (b) baryonic branch. 

z{v,b,a) ~ v'^^^^ X (non- zero factor). (3.29) 
Near v = 0, embedding (|3.25|) of the Seiberg-Witten curve can be described approximately by 



y{v, b, a) + z{v, b, a) ~ v'^. 



(3.30) 



Inserting eqs. ( p.29|) into eq. ( p.30|) we can see that the lowest order in v among y, z and 
is factored out from eq. (|3.30| ) and counts the multiplicity of zeros. Therefore this power of v 
factored out provides the number of M theory fivebranes wrapping the two-cycle Cj. 

If we denote this multiplicity in the i-th gap by rij, there are the following three cases : 



Hi 



I 
r 
N 



f 



for 1 < i < r 
for r < i < Nf — r 
i for Nf - r < i < Nf 



(3.31) 



This is nothing but the so-called s-rule 0] ! | With this s-rule we can find the correct brane con- 
figuration of the r-th non-baryonic branch root. It is given in Fig.^(a). Each M theory fivebrane 
wrapping the two-cycle Ci becomes, in Type IIA picture, a D fourbrane which worldvolume 
coincides with the segment between (0,6j) and (0,6j+i) in (t>, 6)-plane. 

The s-rule ( |3.31| ) shows that the total number of M theory fivebranes wrapping the vanishing 
cycles of Q is r{Nf — r). These fivebranes (or D fourbranes in Type IIA picture) provide |]l[ 
massless hypermultiplets. Actually, for each 2-sphere C we can associate four real parameters: 
Its position w = {w^,w'^,w^) in (x'^, x*^, a;^)-directions and = i Jc^, where u is the Kahler 



form ( 3.18| ). These four parameters provide the vev of one hypermultiplet by = +iw'^ 



and q2 = + iw^. 



^The s-rule is also proved in [pi from the point of view of an algebraic singularity resolution. 
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1 2 3 ••• r r ••• 3 2 1 




1 Nf-2r+l 



Figure 3: Resolution of degenerated D fourbranes. 

The moduli space 

M^nh of the r-th non-baryonic branch should be described by these 
r{Nf — r) hypermultiplets. To confirm it let us consider the residual global symmetry of 
the brane configuration, that is, the symmetry which does not move the brane configuration. 
We start with a phenomenological argument. Consider the resolution of the degenerated M 
theory fivebranes or D fourbranes as sketched in Fig.|[ There appear r chains of the M the- 
ory fivebranes. The i-th chain consists of {Nf — 2i + 1) 2-spheres, which give {Nf — 2i + 1) 
hypermultiplets = ^*^^). 1 < z < r. We shall pay attention to the r-th 

chain first. By using SU{2)r and a subgroup U{Nf — 2r + 1) of the flavor group U{Nf), 
one may rotate these {Nf — 2r + 1) hypermultiplets into a normal form, q^ = and 
q^ = [dr, 0, ■ ■ ■ , 0) where G R>o- Then we can see that the residual symmetry of the r-th 
chain is U{Nf — 2r) x f/(l). The appearance of the extra U{1) symmetry will be shown in 
the next paragraph. Secondly, we consider the (r — l)-th chain. It provides {Nf — 2r + 3) 
hypermultiplets q^~^ = (q'^"^^, ■ " " ? '^^^^). One may also rotate these hypermultiplets 

q^~^, by using SU {2)ji and a subgroup U (Nf — 2r + 3) of f/ (Nf), into a normal form, q^^^ = 
and q^~^ = {dr-i, 0, ■ ■ ■ , 0). One may expect that the residual symmetry of the (r — l)-th chain 
is U{Nf — 2r + 2) x U{1). But, looking at Fig.^ it is very plausible that the non-Abelian part 
U {Nf — 2r + 2) includes U {Nf — 2r) of the stabilizer of the r-th chain. Therefore we must 
take U{Nf — 2r) x U{1) as the residual symmetry of the (r — l)-th chain. Repeating the same 
argument to the 1st chain we obtain U {Nf — 2r) x U{lY as the residual symmetry of the brane 
conflguration. This coincides with the stabilizer of the r-th non-baryonic branch described in 
Section 2. 

The above phenomenological argument will be justifled by using an algebraic description 
of A^nb- Since we introduce Ai^h stratum of TWnb specified by the symmetry breaking 
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pattern, SU{Nc) SU{Nc — r), or equivalently the condition, rankQ^ = r (c./. ( |2.19| )), we 

(r) 

may handle A^nb t"y the following regularized complex symplectic quotient for r x Nf complex 



matrices H 



where 



(r) 



(3.32) 



H 



(r) 



(3.33) 



and GL{r, C) acts on H^J^ by (iff \ ff, 
parametrization of A^nb"'^ is given by 



r(0 7T(r)tN 



(r) 



(r) 



/ 

V 

/ 

V 



" GL{r, C) ' 

rankijj'^'' = r 
{gH[^\ H^^ g-^) where ^ G GL(r,C). A simple 

\ 

(3.34) 

/ 

(3.35) 



(r) 



where h^^'' are arbitrary r x (Nf — r) complex matrices and will provide the holomorphic 



coordinates of M^h- The flavor group U{Nf), acting on H^J'' by H^'' i-^ H^I' f (/ G U{Nf)), 



(r) 



r(0 



now transforms h^^^ as follows : 



(0/ 



where / 



A B 
C D 



G U{Nf). 



{A + h^[^C)-\B + h^[^D), 

{A + h'l^Cr'hPi-h^^^B + D), 



(3.36) 



One may construct r x (Nj — r) complex matrices /i^^ by arranging the hypermultiplets g*^ 



as follows : 



,2r-l 



2Nf~3 

1a 



\1a 1a 



rNf-2r+l 



(3.37) 



iA ^A " ^A 

In particular the normal form given in the above phenomenological argument corresponds to 



h 



(r) 



0, 

/ dl 



(3.38) 



dr 
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By considering U{Nf)-action ( |3.36| ) on this form we can also find that the stabihzer is nothing 
but U{Nf - 2r) X U{iy. 

3.4 The Baryonic Branch 

The M theory reahzation of the moduh space of the baryonic branch is similar to the description 
of the non-baryonic branch with r = Nj — Nc except that the remaining 2Nc — Nf D fourbranes 
(or a part of the original M theory fivebrane) must be attached to the D sixbranes. This is 
because the colour symmetry is completely broken at the baryonic branch. The corresponding 
brane configuration is given in Fig.0(b). In this figure 2Nc — Nf D sixbranes to which these extra 
D fourbranes are attached are depicted as black circles. Nc{Nf — Nc) hyper mult iplets given by 
the M theory fivebranes wrapping the vanishing cycles of Q will parametrize the hyper-Kahler 
quotient -MhiCAB) (lH) through its algebraic description (|2.22| ). As we noted in Section 2.1, 
this moduli space gives a resolution of U^q ^"J^nh- comparing the brane configurations of 
the non-baryonic and baryonic branches one can observe that the extra 2Nc — Nf D fourbranes 
resolve the non-baryonic branch by suspending the D sixbranes (the black circles in Fig.^(b)). 

Two NS fivebranes can now move in (a;'', x^, x^)-directions since all the D fourbranes are 
separated by the D sixbranes. Their relative position in (x'', x^, x^)-directions, possibly accom- 
panied by their relative position in x^°-direction, will also provide a hypermultiplet. So, adding 
this hypermultiplet, we obtain the moduli space A^b of the baryonic branch. 

4 Higgs Branch Root and Duality 

In this section we shall examine, from the M theory viewpoint, the root of baryonic branch, 
where the baryonic branch and the Coulomb branch come in contact with each other. It is 
discussed in from the field theory viewpoint that the baryonic branch root is a point where 
the gauge symmetry is quantum mechanically enhanced to SU{Nf — Nc) x U{l)'^^''~^f and 
the underlying field theory is invariant under the Z2Nc-Nf discrete symmetry (anomaly-free 
subgroup of U{1)r). It is also pointed out that the baryonic branch root admits to have two 
descriptions which are dual to each other. The "electric" description can be applied if one 
approaches to the root from the baryonic branch side while the "magnetic" description can be 
used when one goes to the root from the Coulomb branch side. Our purpose is to understand 
the duality between these two descriptions in terms of an exchange of NS fivebranes. 

The exchange of the NS fivebranes in AF theory or IR-free theory seems difficult to describe. 
This is because NS fivebranes do not have their definite positions in these theories. (See Fig.[l|(a) 
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and (b).) To avoid this difficulty it might be convenient to embed these theories into a finite 
one. (See Fig.|I](c).) The Seiberg-Witten curve of Nf = 2Nc finite theory has the form 0, |16 

y^~2l[{v- <Pa)y + A+A_ n + ^+^5 - e,) = 0, (4.1) 

a=l j=l 

where es = ^jf S is the center of the bare masses ej and X± are given by 

^---1^ ■ + (4.2) 

Notice that F{t) is the following automorphic function of the bare coupling constant r = ^ + ^ 

^W = 16gn(^^^izT) (4.3) 



+ q 



with q = e'^*'^. The modular transforms of F(t) are ||T9 



F(r) ^ F{r + 1) = J^^, F{r) ^ F{-l/r) = 1 - F(r), (4.4) 

from which we can see that F{t) is invariant under the action of the congruence subgroup 

of level 2, 1(2) = | ^ ^ ^ ^ 5L(2, Z) b,c evenj. The Seiberg-Witten curve (|1D itself 

admits to have a larger symmetry than r(2). It is invariant under the following and S 
transforms 

(A±(r), Cj, 0a) ^ (A±(r + 2) = A±(r), Cj, 0a), 

(A±(r), e„ 0a) ^ (A±(-l/r) = A^(r), e,-2e„ 0a). (4.5) 

The M theory description of the finite theory tells that the asymptotic positions of the 
two NS fivebranes in (x^, a;^°)-directions are given by InA-t. In particular their positions in 
x^-direction are ln|A±|. Due to the modular property of F the S'-transform exchanges their 
asymptotic positions, A±(— 1/r) = Aip(r). 

Now let us consider the Z2Nc-Nf symmetric family of the finite theory : 

_ 2y^/-^^(^;2^-^/ - ^''^^-^f)y + A+(r)A_(r)i;^/(i;2^-^/ - M2^-^/(r)) = 0, (4.6) 
where is a constant. And we introduce M'^^''~^f {t) by the following S'-invariant function 

K2Nc-Nf 

M2^^"^/(r) = , (4.7) 

F(r)(l-F(r))' ^ ^ 
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where A is a constant. The Z2Nc-Nf symmetry is reahzed in such a way that curve ( ^.Gp is 
invariant under the transform, {v,y) (uVjU^^y) where u'^^''~^f = 1. 

Since F(oo) = 0, eq. ( |4.7| ) can be regarded as defining a double scahng at the weak couphng 
hmit r — > ioo. In the region |f | -C \M\ the finite curve ( [4.6|) behaves as 

which describes the AF theory with colour SU (N^) and Nf fiavor. A is now the strong-coupling 
scale of this AF theory. One can approach to the baryonic branch root by tuning ip so that 
^2Nc-Nf _ _j^2Nc-Nf ^ js^-^ ^]^jg yg^iyg Qf discriminant of the above AF theory curve becomes 
a perfect square, which signals an appearance of 2Nc — Nf extra massless hypermultiplets. This 
is the "electric" description of the baryonic branch root. The baryonic branch of this AF theory 
is realized in the region \v\ <^ \M\ of the brane configuration of finite theory ( ^.6| ). In this scale, 
being unable to detect the extra 2Nc — Nf D sixbranes at f = u^M {1 < i < 2Nc — Nf), the 
baryonic branch is given by Fig.^(b) though it is embedded in the finite theory. 

What is the brane configuration of the Z2Nc-Nf symmetric family ( |4.6| ) at the strong-coupling 
regime? We begin by examining how two NS fivebranes behave as the bare coupling constant 
becomes larger. Fix 6* = for simplicity. Notice that F{t = ^) is real and monotonically 
increasing with respect to g^. In particular F takes 0, 1/2 respectively at g"^ = 0, Svr. Therefore 
the relative distance of the two NS fivebranes in x^-direction is decreasing as g^ becomes larger 
and it satisfies: 

Ax^ = In |A+/A_| ^0 ^ Stt). (4.9) 

At g"^ = Sir {i.e. t = i) these two NS fivebranes are overlapped in (w, 6) -plane. In fact, if one 
rescales y to y = {1 — 2F)y, curve ( [4.6| ) acquires the form 

f - 2(1 - 2F)t;^/-^^(t;2^-^/ - <^'^=-^0y " 4F(1 - F)t;^/(t;2^-^/ - M^^^"^/) = 0, (4.10) 

which shows that N^ D fourbranes becomes irrelevant at g"^ = Sir. 

One may expect that the above overlapping of two NS fivebranes is evaded by taking some 
other route in the upper half plane where the bare coupling constant r lives. But it is in vain. 
Consider a semi-circle L = {t = ie*° (— 7r/2 < a < 7r/2)} in the upper half plane. Since F{t) 
satisfies the relations F(r) = F{-f) and F{-l/r) = 1 - F(r), it follows that Re F = 1/2 for 

G L. This means In |A+/A_| = on L. Therefore, for any r E L, the two NS fivebranes are 
overlapping in {v, 6)-plane, at least asymptotically. 

The exchange of the two NS fivebranes will take place on this semi-circle L. It is argued 
in 1^ that, when two NS fivebranes are exchanged crossing a D sixbrane, a D fourbrane is 
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Figure 4: Creation and anniliilation of D fourbrane by D sixbrane in Type IIA picture. 



created and then suspended between these fivebranes with touching the sixbrane. Conversely, 
a D fourbrane suspended between these fivebranes with touching the sixbrane is annihilated by 
this exchange. See Fig.|[ 

With this process of the exchange the extra 2Nc — Nj D sixbranes located at f = cj'M (1 < 
i < 2Nc — Nf) create 2Nc — Nf D fourbranes there, while the 2Nc — Nf D fourbranes touching 
the D sixbranes at the origin are annihilated. Due to the s-rule the brane configuration becomes 
a "magnetic" configuration depicted in Fig.^ In this "magnetic" configuration (Fig.|^(b)) we 
can find SU{Nf - iVj x U{iy^^-^f SQCD with Nf fiavor and 2Nc - Nf massless singlet 
hypermultiplets charged by the f/(l) factors, which gives the "magnetic" description p[ of the 
baryonic branch root. Inside the semi-circle L the electric curve ( |4.6| ) will jump to the magnetic 
one: 

_ 2y^/-^^(^2iv-^/ - M(r)2^^-^0?/ + A+(r)A_(r)t;^^(t;2^^-^/ - M(r)^^=-^0 = 0. (4.11) 

This curve is also invariant under the 5'-transform and one can study it in terms of the dual 
bare coupling constant f = — 1/r. 

The 2Nc — Nf massless singlet hypermultiplets obtained from the open string among the 
extra 2Nc — Nf D sixbranes and the D fourbranes touching them do not have their moduli. 
Namely they are frozen. The net moduli space of the Higgs branch of this theory is that of 
SU{Nf — Nc) SQCD with Nf fiavor. As we have seen in Section 2, the baryonic branch of this 
IR-free theory is isomorphic to that of SU (Nc) SQCD with Nf fiavor. 
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Figure 5: Brane configurations related by the exchange of the NS fivebranes. (a) is "electric" and (b) 
is "magnetic". The case of {Nc,Nf) = (4,6) is sketched as an example. 
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